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ABSTRACT 


In this paper, we give a complete classification of harmonic and biharmon- 
ic Riemannian submersions m : (R®,gso1) > (N?,h) from Sol space into a 
surface by proving that there is neither harmonic nor biharmonic Riemann- 
ian submersion m : (RÌ, gso) —- (N?,h) from Sol space no matter what 
the base space (N?,h) is. We also prove that a Riemannian submersion 
T : (R, gso) > (N?,h) from Sol space exists only when the base space is 


a hyperbolic space form. 


1. INTRODUCTION AND PRELIMINARIES 


All manifolds, maps, tensor fields studied in this paper are assumed to be s- 
mooth unless there is an otherwise statement. 


Recall that a harmonic map p : (M,g) > (N,h) between Riemannian mani- 
folds is a critical point of the energy functional 


1 
B(y,0)=5f lg? de. 


The Euler-Lagrange equation is given by the vanishing of the tension filed T(y) = 
Trace, Vdy (see [7]). Clearly, the map y is harmonic if and only if (y) = 
Trace,Vdy = 0 holds identically. 


The study of biharmonic maps as a special case of k-polyharmonic maps were 
first proposed by J. Eells and L. Lemaire in [7]. A biharmonic map ọ : (M,g) > 
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(N,h) between Riemannian manifolds is a critical point of the bienergy 


1 


Ey.) =5f Ir(p)Paz 


for every compact subset Q of M, where 7(y~) = Trace,Vdy is the tension field 
of y. Jiang [9] first computed the first variation of the functional to see that ọ is 
biharmonic if and only if its bitension field vanishes identically, i.e., 


(1) Tlp) := Trace,(V?V* — Vom TY) = Trace, R (dy, T(y))dy = 0, 


where R is the curvature operator of (N,h) defined by 
RN(X,Y)Z = [V¥, VÝ]Z — VikwZ. 


We call a submanifold that is a biharmonic submanifold if the isometric immer- 
sion that defines the submanifold is a biharmonic map. Analogously, a Riemann- 
ian submersion is called a biharmonic (respectively,harmonic) Riemann- 
ian submersion if the Riemannian submersion is a biharmonic (respectively, 
harmonic) map. Obviously, any harmonic map is always biharmonic whilst bi- 
harmonic maps include harmonic maps as special cases. We use proper bihar- 
monic maps (respectively, submanifolds, Riemannian submersion) to call those 
biharmonic maps that are not harmonic maps. 


In the first part of the paper, we will study harmonicity and bharmoncity of 
Riemannian submersions from 3-dimensional Sol space into a surface. For har- 
monicity of Riemannian submersions, one of our motivations is that the definition 
of Riemannian submersions, in a sense, are considered as the dual notion of i- 
sometric immersions (i.e., submanifolds). There are many interesting examples 
of harmonic isometric immersions of a surface (i.e., minimal surfaces) into 3- 


manifolds, such as planes or catenoid in R? or harmonic embedding of S? into 


S? [16]. On the other hand, there exist many interesting examples and classifica- 
tion results of harmonic Riemannian submersions from 3-dimensional Riemannian 
manifolds into a surface: Hopf fibration m : S3 > $?(4) and the orthogonal pro- 


jection 7 : R? — R° are harmonic Riemannian submersion; there is no harmonic 
Riemannian submersion 7 : H? — (N?,h) no matter what (N°, h) is (see [20, 24]); 
harmonic Riemannian submersions from Thurston’s 3-dimensional geometries, 3- 


dimensional BCV spaces and a Berger sphere S? have been completely classified 
and many explicit constructions of harmonic Riemannian submersions were given 
(see [24] for details). 


Since biharmonic maps are considered as the generalizations of harmonic maps 
and include harmonic maps as a subset, it would be very interesting to study 
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biharmonicity of Riemannian submersions. Based on this, we will study bihar- 
monicity of Riemannian submersions from 3-dimensional Sol space into a surface 
in the second part of the paper. Biharmonic Riemannian submersions were first 
studied by Oniciuc in [13]. In [20], the authors first introduced so-called inte- 
grability data and then used the main tool to obtain a complete classification 
of biharmonic Riemannian submersions from a 3-dimensional space form into a 
surface. In [1], the authors studied biharmonicity of a general Riemannian sub- 
mersion and obtained biharmonic equations for Riemannian submersions with 
one-dimensional fibers and Riemannian submersions with basic mean curvature 
vector fields of fibers, and they first used the so-called integrability data to s- 
tudy biharmonic Riemannian submersions from (n + 1)-dimensional spaces with 
one-dimensional fibers. In [18], the author studied biharmonicity a more general 
setting of Riemannian submersion with a S! fiber over a compact Riemannian 
manifold. In [8] , the authors studied generalized harmonic morphisms and ob- 
tained many examples of biharmonic Riemannian submersions which are maps 
between Riemannian manifolds that pull back local harmonic functions to local 
biharmonic functions. 


In addition to these, we refer the readers to the following classification results. 
In 2023, the authors [21] classified all proper biharmonic Riemannian submersions 
from BCV 3-diemnsional spaces into a surface. In a recent paper [22], the authors 
also gave complete classifications of biharmonic Riemannian submersions from 3- 
dimensional Berger sphere. And also, biharmonic Riemannian submersions from 
product spaces M? x R to a surface have been completely classified in [23]. 


Recall that Sol space is one of Thurston’s eight models of 3-dimensional geom- 
etry. It is the Riemannian manifold ( R3, gso), Where the metric can be described 
by gso = e” dr? + e~?*dy? + dz? with respect to Euclidean coordinates on R°. 


First of all, one observes that it is easy to find Riemannian submersions from 
Sol space. For example, the projections 
P, : (RÌ, gso) > (R°, edz? + dz?), P(x,y, z) = (x,z), and 
Py : (R?, gsa) > (R°, e”dy? + dz”), P(x,y,z) = (y,z) are both Riemannian 
submersions. 


One may wonder whether these are harmonic or biharmonic, whether there is 
any harmonic or biharmonic Riemannian submersions from Sol space. In this 
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paper, we prove that there is neither harmonic nor biharmonic Riemannian sub- 
mersion 7 : (RÌ, gso) > (N?,h) from Sol space no matter what the base space 
(N?,h) is. We also prove that a Riemannian submersion 7 : (RÌ, gga) > (N?, h) 


from Sol space exists only when the base space is a hyperbolic space form. 


2. HARMONIC RIEMANNIAN SUBMERSIONS FROM SOL SPACE 


In this section, we obtain a nonexistence classification results for harmonic 
Riemannian submersions from Sol space to a surface. 
Let (R°,gso1) denote Sol space, where the metric gso = e” dr? + e~?*dy? + dz? 
with respect to local coordinates (x,y,z) in R®. We have a defined orthonormal 
basis as 


o o o 
Ey = €e” Ez = f 
T dy’ ° az 


With respect to this orthonormal frame, the Lie brackets and the Levi-Civita 


E =¢* 


connection are given by: 


(2) |E, Eo] = 0, [Fo, E3] = —Epo, |E, E3] = F, 
(3) Vm Ei = — E3, V m E3 = E, V m E2 = Es, Ven E3 = =f, 
all other Vz, E; = 0, 4,7 = 1,2, 3. 
One adopts the following notation and sign convention for Riemannian curvature 
operator. 
(4) R(X, Y)Z = VxVyZ — VyVxZ — VixyZ, 


the Riemannian and the Ricci curvature tensors are given by 
R(X, Y, Z, W) = g(R(Z, W)Y, X), 
3 
(5) Riek) = THe R= RV eS (RO eee V). 
i=l i=1 


A straightforward computation gives 


Riz = g(R(E1, Eo) Eo, Fi) = 1, Risis = g(R(E, E3)E3, E1) = —1, 


6 
( ) R2323 = g(R(E2, E3) E3, E2) = —1, all other Rijki = 0,4, j, k,l = 1,2,3. 


Let 7 : (RË, gga) > (N?, h) be a Riemannian submersion from Sol space with 
an orthonormal frame {e1, e>, e3} on (R, gso) and e3 being vertical. By a 
treatment similar to to those used treating Remark 1 in [21], we then have the 
following (7)-(13) (see [21] for details) 


(7) [e1, e3] = f3e2 + K1e3, [e2, €3] = —fze1 + k2€3, [e1, €2] = fier + foes — 20€3. 
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where fi, fo, fg, Kı, K2 and o are the (generalizd) integrability data of the Rie- 
mannian submersion 7. When f3 = 0, the horizontal distribution {e1, e2} are 
basic and { fi, fo, K1, K2, a} is the integrability data of the adapted frame. 
The Levi-Civita connection is given by 
Vee = — fiez, Vee = fier — 063, V e163 = 0€9, 
(8WVe,e1 = — f2e2 + 023, Vese2= foei1, Veses = —0e1, 


Vez€1 = —K1€3 + (o = fea, Vez€2 = —(o — fs)er — K2€3, V ez€3 = K1€1 + K2€2. 


3 ; 
Denoting by e; = )> al E;, i = 1,2,3, using (3), (6) and (8), then the Jacobi 
j=l 


identity applied to the frame {e1, e2, e3} gives 


e3(f1) + («1 + fa) fs — e1(f) = 9, 
(9) e3( fe) + (k2 — fi) fs — e2(fs) = 0, 
2e3(0) + Ki fı + Ko f2 + €2(K1) — e1(K2) = 0, 


and the terms of the curvature tension as follows 


(10) 
R™ (ey, €3, €1,€2) = —€1(0) + 2K10 = —2a303, 
RM (ey, €3; €1,€3) = €1(K1) + 07? — Ki + Kofi = 2(a3)? — 1, 
RY (e1, €3, €2,€3) = €1(K2) — €3(0) — Ki fı — Kik2 = —2aza3, 
R” (e1, €2, €1,€2) = e1( f2) — ea(fi) — JË — f2 + 2fs0 — 30° = 2(a3)? — 1, 
R™ (e1, e2, €2,€3) = —€2(0) + 2K20 = 2a3a3, 
RM (eg, €3, €1,€3) = €2(K1) + €3(0) + K2 f2 — Kik2 = —2a}a3, 
RM (eg, €3, €2,€3) = 07 + €2(K2) — Ki fo — KZ = 2(aj)? — 1. 


Gauss curvature of the base space as 


(11) KN = e (fa) — efi) — F? — fe + 2fso, 


(12) e3(KY) = e3[€1( f2) — e2( f1) — a = 7 + 2f30] = 0. 


When fs = 0, then Gauss curvature of the base space becomes 


(13) KN = e( f2) — ea( fi) — FÈ — f2- 
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Now we are ready to give the following classification of harmonic Riemannian 
submersions from Sol space. 


Proposition 2.1. (see[21]) A Riemannian submersion m : (M?,g) + (N?,h) is 
harmonic if and only if Vives =) ie., kı = kK = l. 

Theorem 2.2. There exists no harmonic Riemannian submersion 7 : (RÌ, gso) > 
(N?,h) from Sol space no matter what (N°, h) is. 


Proof. Let m : (RÌ, gsa) > (N?,h) be a Riemannian submersion with an or- 
thonormal frame {e1, e2, e3}, e3 being vertical, and the (generalized) integrabil- 
ity data { fi, fo, f3, K1, K2,0 }. By Proposition 2.1, the Riemannian submersion 7 
is harmonic if and only if kı = s2 = 0. Using (10) and Proposition 2.2 in [24], 
we obtain 


—e1() = —2apa3, 

o? = 2(a3)? — 1, 

—ez(o) = —2a3a3 = 0, 
(14) KN = 30? + 2(a3)? — 1, 

—e9(o) = 2a3a3, 

e3(0) = —2a?a3 = 0, 


where K" = e( fo) — ea fi) — F? — J2 + fae. 

Comparing the 2nd equation with the 7th equation of (14), we have (a3)? = (a3)?. 
However, using the 3rd equation of (14), we get afa3 = 0 and hence a? = a3 = 0. 
We substitute this into the 2nd equation of (14) to have o? = —1, a contradiction. 
From which we obtain the theorem. 


3. BIHARMONIC RIEMANNIAN SUBMERSIONS FROM SOL SPACE 
We state the following proposition ([20]) which will be later used in the rest of 
the paper. 


Proposition 3.1. (see [20]) Let 7 : (M°, g) > (N?,h) be a Riemannaian submer- 
sion with the adapted frame {e1, e2, e3} and the integrability data fi, fo, K1, K2 ando. 
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Then, the Riemannaian submersion n is biharmonic if and only if 
(15) 
2 2 2 
-AM -25 feelin) = a D (ef) = wif) +m (=K 4 S2) <0, 
i=l i=l i=l 
2 2 2 
-A"k +297 fiei(k1) + r1 Do (ed fi) — kifi) + k2 (-« + 4) =0 
i=1 i=1 i=1 
where KN = Rẹ or = e1 (f2)—e2( f1)— f? — f2 is Gauss curvature of Riemannian 
manifold (N°, h). 


The following proposition was found in [21]. 


Proposition 3.2. (see [21]) Let n : (M?, g) — (N?,h) be a Riemannian sub- 
mersion from -manifolds with an orthonormal frame {e1,€2,€3} and e3 being 
vertical. If Vee = 0, then either Ve,e2 = 0, or Ve,e2 # 0, and the frame 
{€1, €2,€3} is an adapted frame. 


We will prove the important conclusion used proving our main theorem 


Theorem 3.3. Let 7 : (R, gso = edz? + edy? + dz”) —> (N?,h) be a 
Riemannian submersion. Then, we have such an adapted frame {e, = a? Ey + 
a3 Es, e2, e3} of the Riemannian submersion n with ez being vertical. Moreover, 
if Eı is not vertical, then Ve,e2 #0, i.e., fo #0. 


Proof. Obviously, if FE, is tangent to the fiber of the Riemannian submersion 7 , 
then any basic field is of the form e = a? Ea + b? E3, and a? + b? = 1. 

From this time on, we only need to suppose that F is not vertical, i.e., e3 A +E. 
Then, the vector filed ey = e3 x Fy is horizontal and hence (e1, E1) = 0. From this, 
we have a defined orthonormal frame {e1, e2 = e3 X €1, e3} on M?. If denoting 
3 


by e; = al Ej, i = 1,2,3, together with (e1, £1) = 0, then e; is expressed as 


j=l 
the form e; = a? Ev +a3E3 and hence (a7)? + (a?)? = 1. From these, we have the 


following 

(16) at = 0, al Æ +1 and a} Æ 0. 
One can further check the following equalities as 

(17) fi =0, Vee = 0. 


By a direct computation, we get 


(18) Vere = Va (2 a Ei) = }  e1(a1)E: + D7 aja, Ve, Ei 
i=1 i=1 


i, j=1 
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However, using (8), the above has another expression as 


3 
(19) Vee = — fiez = -fi > a, E;. 
i=1 
By equating (18) and (19) and comparing the coefficient of E4, we obatin 


3 . 
— fray = (—fi > ay Ei, FE) = (V eet; E) 
(20) 3 a oe 
= (Ve(aEj,+ >> alai V g, Fi, E1) = e1 (a}) = 0, 


i=1 i,j=l 
which has been used (3) and a} = 0. This leads to fı = 0 for aj 4 0, and hence 
(17) holds. 


Applying (3), (8) and aj = fı = 0 and a further computation similar to those 
used calculating (18)—(20) gives 


e1(at) = aja}, 

e1(at) = — (a1), 

e1(a3) = —043, 

e1(a3) = aja3 — a3, 

e1(a3) = —ajaz — 043, 
(21) e1(a3) = oaz, 

e1(a3) = aja} + 7a}, 

e1(a3) = —aja3 + 043, 

foas = —a3a5 + oa} = —a3 + ca}, 

€2(a3) = —0303, 

€2(a3) = —a303, 


kia} = (o — f3)a} — aĵa} = (o — f3)a} + a3. 


Since Vee1 = 0, we conclude from Proposition 3.2 to have either Ve e2 Æ 0, 
and the frame {e1, e2, e3} is adapted to the Riemannian submersion 7; or Ve,€2 = 
0. Now, we just need to consider the latter case Ve,e2 = 0, i.e., fo = 0. From 
these, one has the following 


(22) ai = fi = f2 =0. 
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Then, (10) turns into 


—e;(o) + 2k10 = —2a3a3, 

elki) + 0? — k? = 2(a3)? — 1, 

€1(K2) — e3(0) — Ky Kg = —2a3a3, 
(23) 2 f30 — 307 = 2(a3)? — 1, 


—e9(7) + 2k0 = 2a3a3, 
€2(K1) + €3(0) — Ki Kg = —2a3a3, 


o? + €2(K2) — K3 = (2a?)? — 1. 


We now show that the latter case (i.e., at = fı = fo = 0, a3 # +1 and aj Æ 0) 
can not happen by considering the following two cases: 


Case I: aj = 0, fe = 0. In this case, since aj = 0, we have aj = +1 and hence 
a3 = 0. By the 9th equation of (21), one easily sees that aĝ = a} = 0 and hence 
a3 = +1. This leads to a? = 0 and af = +1. Substituting this into the 6th 
equation of (21), we have ø = 0. However, we substitute o = 0 and a3 = +1 into 
the 4th equation of (23) to find 0 = 1, a contradiction. 


Case II: aj # 0, +1 and fy = 0. In this case, since aj = 0, we then have 
a, #0,+1. Substitute fə = 0 into the 9th equation of (21) to have 


(24) aż = cał. 
Applying e; to both sides the 12th equation of (21), we get 
(25) e1(K1ı)az + K1e1(a3) = e1(0)az + oe:(az) — e1(fs)az — fseı(a3) + e1(a3), 


which can be rewritten as 
(26) 
€1(K1)a3 + K1e1(a3) — e1(0)az — oei (az) + e1(f3)az + fse1(az) — e1 (a3) = 0. 


Using the 3rd, the 4th, the 6th equation of (21), the 1st, the 2nd equation of (23) 
and the 1st equation of (9), a straightforward computation gives 


0 = (K? — o° + 2(a8)? — 1)a} + Kioa} 
(27) Bou + 2a3a3)a5 + 07a3 + Kı fsa} — fgoa3 — aiaz + oa? 


— el 17312. 1 
= Kid, — 0° G3 + 2a,(a5)° — a3 + K1005 

1 pee eee | 1 to 2 
—2kK 10a — 2a5;a3a5 + 0%a3 + Ki f3a5 — f30a3 — ajas + 0a3. 
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One substitutes the 12th equation of (21) and (24) into (26), together with aja3 + 
a3a3 = 0 and a3 = a3a3, to compute the following 


0 = ky(oah — fsal + a3) — ie: + 2a3(a3)? — a} + ge 
=i Ue + 2a} (a3)? + 0703 + faa — Jarda — ses +07a3 
= rap + 2a3[(a3)* + (a3)? = p fzoaz — oe +o a3 
K1a3a; + 2a3[1 — (a7)?] — a3 — fara; — aia +o°a 
= (m= fsa} + ajai + 2a} — 2a} (a3)? — a} — a — ara 3 o7 a3 
= Casa — fza,a; + ada? — 2a} (a3)? + a} — f30a} — a?a3 + 07a; 
= 207a3 — 2f3oa3 — 2a3(a3)’, 


(28) 


the last aie holds by using the fact aja? = a3, aĝ = oa} and a3 = aĵa} —a3a3. 


Since aj Æ 0, then (28) becomes 
(29) 207 — 2f30 — 2(a3)? = 0 


Substituting the 4th equation of (23) into (29), together with (a#)?+(a3)?+(a3)? = 
1, and simplifying the resulting equation, we get 


(30) o? = 2(a3)? — 1. 

This implies 

(31) o?(a})? = 2(a3a})? — (al)? 
Since ga} = a3, the above equation is equivalent to 

(32) 2(a3a)? = (al)? + (a3)? = 1 — (a3)?, 
or, 

(33) 2(a3a3)? + (a3)? -1=0. 


On the other hand, let 0, œa denote angles between e; and Es, between e3 and EF), 
respectively, since at = 0, we have 

e1 = cos OE» + sin 0 Es, 
(34) e2 = sin a E; — siné cos a Ea + cos 0 cos a E3, 


e3 = cos aE + sin ô sin aE, — cos 0 sin a Es, 


where af = cos 0, a? = sin, a} = sina, a3 = — sin 0 cosa, a3 = cos 0 cosa, a3 = 
cosa, a} = sin f sin a and a} = — cos f sin a. 

Using the 1st and the 3rd equation of (21), it is not difficult to check the following 
(35) ela) = —o, elb) = — cos9. 

Since a3 = cos 0 cosa, a3 = cosa and ał = — cos O sin q, then (33) turns into 


(36) cos? 0(2 cost a + sin? a) — 1 = 0. 
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Note that 0 is angle between eı and E», but a angle between ez and EF}, then 
the two functions: cos? 6, 2cos!a + sin?a are linearly independent. Then, Eq. 
(36) implies taht 60 and a have to be constants, and hence cos = 0 since (35). 
Substituting this into Eq. (36). we have —1 = 0, a contradiction. 

Summarizing all results in the above cases, the theorem follows. 


Remark 1. Let m : (R?, gso = e” dr? +e~?*dy? + dz”) > (N?,h) be a Riemannian 
submersion with e3 being vertical. If e3 A +E, i.e., a} A +1, by Theorem 3.3, 
one can choose such an adapted frame {e; = a? E + a3E3, e2, e3} to m and 
f2 #0. From these, the case corresponding to aj = fi = f3 = 0, fo #0, a3 Æ +1 
and a, # 0. Clearly, this implies that the case a} #4 +1, and aj = fi = fo = 0 
can not happen. 


Theorem 3.4. A Riemannian submersion m : (RÌ, gso = e?*dx? + e~?*dy? + 
dz?) + (N?,h) from Sol space exists only in (RË, 951) > H? with Gauss curva- 
ture of the base space KN = —1. 


Proof. Let n : (RÌ, gso = edr? + e~dy? + dz?) > (N?,h) be a Riemannian 
submersion with e3 being vertical. For the above notations and signs, we just need 
to consider the two cases a} = 0 or a3 = +1. We use the proof by contradiction 
to obtain the theorem. We now assume a} # 0 and a3 # +1. It follows from 
Theorem 3.3 and Remark 1 that there exists such an adapted frame {e, = a? Es + 
a?E3, e2, e3} to 7, and hence the following hold 


(37) at = fı = f= 0, f2 #0, al U1 and al Æ 0, 1. 
Then, (10) becomes as 


—e1 (0) + 2k10 = —2a3a3, 

€1(K,) +0? — k? = 2(a3)? — 1, 

€1(K2) — e3(0) — kik2 = —2a303, 
(38) e1(f2) — ff — 807 = 2(a3)? — 1, 


—e€9(o) + 2k20 = 2a}a3, 
€9(K1) + €3(0) + Kafe — K1K2 = —2a3a3, 
o? + €9(K2) — Ki f2 — K2 = 2(a3)? — 1. 
We apply e; to both sides the 12th equation of (21), together with f3 = 0, to 
get 


(39) €1(K1)a3 + 1e1(a3) — €1(7)ay — oei (a5) — e1 (a3) = 0. 
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Using the 3rd, the 4th, the 6th equation of (21), the 1st, the 2nd equation of (38) 
and the 1st equation of (9), a straightforward computation gives 

(40) 

0 = (k? — o? + 2(a3)? — 1)a} + kisa} — (2k10 + 2a3a3)a} + 0703 — afa} + 0a 


= kal — 07a3 + 2al (a3)? — a4 + Kioa} — 2K 10a) — 2a3a3a5 + 07a3 — aza3 + ca. 


Substituting the 12th equation of (21) into (39), together with aja} + aja} = 0, 
fs = 0 and a? = ała}, a direct computation gives 
(41) 
0 = K1(oa5 + a3) — 07 a3 + 2a3(a3)? — a} + kica} — 210a} + 2a3(a3)? + 07a3 — afa + 0703 
K1a3 + 2a3|(a3)? + (a3)?] — a3 — afa} + 0703 
K1a3a} + 2a3[1 — (at)*] — a3 — aja} + 07a3 
(cal + a3)a? + 2a} — 2al (a3)? — a} — afa? + 0705 
oala? + ada? — 2a} (a3)? + a} — aza3 + 07a} 
= 07a3 + ca? — 2a3(a3)’, 


the last equality holds for using the fact aja}? = aĝ and a3 = aĵa} — aja3. 


Since aj = 0, one can assume that 


e1 = cos 0 Es + sin dEF3, 
(42) e> = sin a E — sin 0 cos aE» + cos 0 cos a E3, 


e3 = cos aE + sin ô sin aE — cos sin a E3, 


where a} = cos 0, a? = sin, a} = sina, a3 = — sin 0 cosa, a3 = cos 0 cosa, az = 
cosa, a} = sin f sin a and a} = — cos f sin a. 
We applying the 1st and the 3rd equation of (21) to see that 

= (43) eila) = —o, e1(0) = —cosé. 


Since a? = sin 0, a3 = cosa and a? = sin ô sina, then (41) becomes 


(44) o? cosa + osin Osin a — 2cosasin? 6 = 0. 


One solves the above equation to obtain 


(45) o =sinOy(a), 
where g(a) = =Sesil East 
Substituting aj = sina, a} = —sin@cosa, af = cosa, fs = 0 and (45) into 


the 12th equation of (21), we have 
(46) kı = sin 0y (a), 
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—sinatV1+7 cos? a 


COS @ 


where denote by y(a) = —cosa + sinay(a) and y(a) = 


We substitute (45) and (46) into the 1st equation of (38) to have 
(47) e(a) = 2k10 + 2a3a3 = 2sin? Oy(a)W(a) — 2 cos? 0 cos a sina, 
where w(a) = —cosa + sinay(a)(a) and yla) = = eae 
On the other hand, substitute (45) into the left-hand side of (47) to compute as 
= cos Op(a)ei(@) + sin 6y'(a)ei (a) 
Oy" (a)p(a), 


wo zat 


the last holds by using (43). 


Comparing (47) with (48), we deduce 
(49) sin? 6{2—y(a)W(a) + v'(a)y(a)} + cos? 0{—2 cos asin a + y(a)} = 0. 
Solving the above equation, we obtain a contradiction. Indeed, if 0 is a constant, 


by the 2nd equation of (43), we have cos@ = 0 and sin@ = +1. Substituting this 
into the above equation we have 


(50) 2p(a)pla) + y'(a)p(a) = 0, 
this implies a being constant and hence o = 0 together with the Ist equation of 
(43). Hence, using (44), we get a3 = cosa = 0 since sin = +1, a contradiction. 


If 6 Æ constant, but the two functions sin? 6, cos? 0 are linearly independent, 
then (49) means 


(51) 2p(a)w(a) + y'(a)y(a) = 0, and — 2cosasina + y(a) = 0, 


where 7(a@) = — cosa + sinay(a) and y(a) = Sios roa 


Clearly, the second equation of the above equation implies œ being a constant 
and hence ø = 0 together with the 1st equation of (43). Moreover, by (44) and 
a} = cosa # 0, one finds that sin = 0 and hence @ is a constant contradicting 
the assumption 0 # constant. From these, when a; # +1,0, there is no a 
Riemannaian submersion 7 : (RÌ, gso) > (N?, h) from Sol space no matter what 
(N?,h) is. 

In addition, if a} = 0, we have a} = +1 since aj = 0, in this case, a straightforward 


computation similar to those used computing Case II in Theorem 3.5 gives fı = 
fs = 0, fo = —1 and hence Gauss curvature of the base space K = e1 (fa) — f2 = 
—1; if aj = +1, we have af = 0 since a} = 0, in this case, a direct calculation 
similar to those used calculating Case I in Theorem 3.5 gives fı = 0, fo = 1 and 
hence Gauss curvature of the base space KY = e1( f2) — f2 = —1. Clearly, This 
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implies that the a Riemannaian submersion 7 : (RÌ, gso) 3 (N?, h) exists only 


in (R®, Jsol) + H? with Gauss curvature of the base space KN = -1. 
From which we obtain the theorem. 


Theorem 3.5. There exists no biharmonic Riemannaian submersion m : (RÌ, gso) > 
(N? h) no matter what (N?, h) is. 


Proof. Let V denote the Levi-Civita connection on Sol space (RÌ, gso1) with 
an orthonormal frame {e1, e2, e3} and e3 being vertical. We denote by e; = 


3 z 
X aJE;, i = 1,2,3. To complete the proof of the theorem, from Theorem 3.4, 
j=l 


we only discuss biharmonicity of a Riemannaian submersion 7 : (RË, gga) > H?. 
Furthermore, from the proof of Theorem 3.4, we only need to consider the two 
cases a3 = +1 or aj = 0. 

Case I: as = +1. In this case, one sees that e3 = +E, and hence take an orthog- 


onal frame {e; = E3, e2 = Ex, e3 = —Eı} on ( RË, gso1) with ez being vertical. A 
direct computation using (2) and (3) gives 


[e1, e2] = €2, [e1, e3] = —€3, [e2, e3] = 0, 
Vesti = —€2, Ver€2 = €1, Vez€1 = €3, Vez€3 = —€1, 
all other Vee; = 0, i, j = 1,2,3. 


It follows that the ( generalized) integrability data f; = fs = k2 = 0 = 0, k1 
— fə = —1 and hence {e; = E3, e2 = Eo, e3 = E} is actually adapted to 7 with 
ez being vertical. Then, biharmonic equation (15) reduces to 


(52) Ak, — kif -KN + f2} =0. 


However, the left-hand term of (52) can be computed as 


(53) Akı — kif -KY + fz} = 3 (exe:(K1) — Vaeilki)) — Ki{—e1(fo) + 2f3} 


=0+1x2=240. 


Therefore, the Riemannian submersion 7 is not biharmonic in this case. 


Case II: aj = 0. In this case, we have a} = +1 since aj = 0. Then, we can take 
an orthonormal frame {e, = £3, e2 = Fi,, e3 = Ey} with e3 being vertical. A 
direct computation using (2) and (3) gives 


[e1, €2] = —€2, [e1, e3] = €3, [e2, e3] = 0, 
(54) Ve€1 = —€2, V ez€2 = —ĉ], Vez€1 = —€3, V aes = ĉ], 
all other Vee; = 0, i,j = 1,2,3. 
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This follows that the ( generalized) integrability data fı = f3 = k2 =o = 0, K1 

— f2 = 1 and hence {e, = F3, e2 = F1,, e3 = Ez} becomes adapted to m with 
e3 being vertical. Substituting this into biharmonic equation (15) and a direct 
computation, we have 


0 = Ak, — k {KN + f2} 


which is a contradiction. Thus, the Riemannian submersion 7 is not biharmonic. 
Summarizing all results in the above cases we obtain the theorem. 


Remark 2. We would like to point out that, with respect to local coordinates, 
a Riemannaian submersion 7 : (RÌ, gso) —> H? can be locally expressed as the 
following (up to equivalence): 


(a): the Riemannaian submersion 


T : (RÌ, gga = e” dr? + e7”dy? + dz”) > (R?, e77dy? + dz), a(z,y,z) = (y, 2), 


or, 
(b): the Riemannaian submersion 


T : (RÌ, ggo = e” dr? + e7”dy? + dz”) > (R?, edr? + dz”), n(x, y, 2) = (x, 2). 


By Theorem 2.2 and Theorem 3.5, these Riemannaian submersions are neither 
harmonic nor biharmonic. 


As a consequence of Theorem 2.2 and Theorem 3.5, we state the following fact 


Corollary 3.6. Any Riemannaian submersion 7 : (RÌ, gso) —> (N?, h) from Sol 
space to a surface is neither harmonic nor biharmonic. 


Although there is no (harmonic) biharmonic Riemannaian submersion from Sol 


space to a surface, there exist many (harmonic) biharmonic maps (R, gsa) > 
(N?,h) which are not Riemannaian submersions. 


Example 1. The maps ¢ : (R®, gso = e” dx? + e~*dy? + dz?) > (R°, du? + dv’), 
olz, y, z) = (u,v) = (y, Az? + Bz? + Cz + D) are biharmonic, where A, B,C, D 
are constants. In particular, when A? + B? > 0, this family of maps are proper 
biharmonic. Note that these maps are not Riemannaian submersions. 
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